Abstract. We introduce a new class of higher order mixed finite volume methods for elliptic problems. We start from the usual way of changing the given equation into a mixed system using the Darcy's law, u = −K∇p. By integrating the system of equations with some judiciously chosen test spaces on each element, we define new mixed finite volume methods of higher order. We show that these new schemes are equivalent to the nonconforming finite element spaces used to define them. The Darcy velocity can be locally recovered from the solution of nonconforming finite element method. Hence our work opens a way to make higher order mixed method more practicable. Threedimensional extensions to parallelepiped elements are also presented. This work can be viewed as a generalization of earlier works which were devoted to reducing the (lowest order) mixed finite element method to a corresponding nonconforming finite element method. An optimal error analysis is carried out and numerical results are presented which confirm the theory. 1. Introduction. This paper introduces a new class of mixed finite volume methods of higher order for second order elliptic problems and shows that they can be easily implemented by solving the primal problem with some nonconforming finite element methods (FEMs).
1.
Introduction. This paper introduces a new class of mixed finite volume methods of higher order for second order elliptic problems and shows that they can be easily implemented by solving the primal problem with some nonconforming finite element methods (FEMs).
Since its introduction in the late 1970s, mixed FEMs (MFEMs) have been the subject of extensive research [1, 2, 3, 4, 5, 6, 8, 17, 19, 21, 24, 25, 26, 27] . The idea of the mixed method is to introduce the Darcy velocity as a new variable and write the equation into a system of differential equations. By discretizing this system, one can compute two variables together and expect a more accurate velocity than solving the scalar equation for the pressure and taking the difference quotients from the discrete pressure. However, the resulting mixed system has many more variables and gives rise to a saddle point problem; thus there were some restrictions to use in industry. For the lowest order mixed methods, it is well known that there exist equivalent positive definite nonconforming FEMs associated with mixed methods. For example, Fraeijis de Veubeke [21] used Lagrangian multipliers to relax the continuity of flux variables and then solve the velocity field equation at an elemental level, where they reduce the saddle point problem into a definite problem involving the multiplier variables only. For an analysis of equivalent nonconforming formulation of mixed finite elements, see Arnold and Brezzi [2] , Marini [24] , Arbogast and Chen [1] , and Chen [8, 9] . However, implementation of the above methods is mostly restricted to the lowest order only. For higher order methods, there exist some equivalent nonconforming finite element formulations [1, 2] , but the corresponding nonconforming methods involve projections into the vector part of the MFEM spaces, which are not easy to handle. We overcome this difficulty by introducing a finite volume type approach.
Meanwhile, a finite volume type of mixed method [13] and its variants were introduced in [10, 12, 14, 15, 22] . The idea is to integrate the system over each element with certain weight functions. Assuming the scalar variable lies in P 1 or Q 1 nonconforming finite element space, and the velocity variable in the Raviart-Thomas (RT) space, they show the equivalence between the MFEM and the nonconforming FEM. Thus the solutions of the mixed finite volume methods can be obtained through these nonconforming FEMs (with a minor modification). It is extended by Croisille and Greff in [15] to the Brezzi-Douglas-Marini (BDM) space [5] of order 1 enriched by a bubble function. In another direction, a hybrid type of formulation was used in [11] to construct higher order mixed methods.
The equivalence of mixed methods with nonconforming FEMs for higher order has been known for quite some time. Let us briefly review the equivalent formulation with nonconforming FEMs proposed by Arnold and Brezzi in [2] and later extended by Arbogast and Chen in [1] . For example, for even k, Arnold and Brezzi showed that for some nonconforming space N k+1 , the solution ψ h ∈ N k+1 of the hybrid method for triangular grid satisfies
where P V h is the projection to the vector part and P h is the L 2 -projection to scalar part of the Raviart-Thomas MFEM space. If this system can be solved, one can compute the solution of the mixed method rather easily, but solving this equation is nontrivial. Arbogast and Chen [1] and Chen [8] extended it to odd k and to the rectangular case by introducing related nonconforming spaces. But again, the equivalent formulation is similar to (1.1), which is nontrivial to solve.
In the lowest order case, Arbogast and Chen showed that the nonconforming space N 1 can be chosen as P 1 plus a P 2 bubble so that the following holds:
Hence (1.1) is equivalent to the P 1 or Q 1 nonconforming FEM with modified righthand side. For higher order methods, such relation fails; hence (1.1) is not equivalent to the usual nonconforming FEM. In this paper, we circumvent such difficulty by defining new mixed finite volume type of methods with judiciously chosen test spaces and show that they are equivalent to some nonconforming FEMs. The velocity can be recovered from the corresponding nonconforming solutions cheaply by a local process. This work, on the one hand, is a generalization of the mixed finite volume methods in [13, 10, 14, 15] and can be viewed as a generalization of the work of Arnold and Brezzi [2] and Arbogast and Chen [1] on the other.
The rest of the paper is organized as follows. In the next section, we start with a problem description and brief introduction of various mixed FEMs. Under a series of hypotheses, we define our new class of finite volume mixed methods. Next, we show these methods are equivalent to some nonconforming FEMs and show the velocity can be recovered locally from the FEM solution. In section 3, we prove the error estimate of the nonconforming FEM, and in section 4, we prove the optimal H(div) and L 2 -error estimate of our scheme. In sections 5 and 6, we presents examples Downloaded 12/10/12 to 143.248.118.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php in rectangular, triangular, and parallelepiped elements. Finally, numerical tests are shown in section 7.
Mixed finite volume methods of higher order.
In this section we introduce mixed finite volume methods (MFVM) and relate them to some nonconforming FEMs from which the velocity variables are recovered locally. Let Ω be a bounded polygonal domain in R 2 with the boundary ∂Ω. We consider the second order elliptic boundary value problem
is a symmetric and uniformly positive definite matrix, i.e., there exist two positive constants c 1 and c 2 such that
For the discussion of higher order methods, we shall require f ∈ H k (Ω) for some integer k ≥ 0. Let us introduce the vector variable u = −K∇p and rewrite the problem (2.1) in the mixed form
Throughout this paper, we assume the following regularity holds. The solution (u, p) of (2.2) satisfies u ∈ H k+1 (Ω), p ∈ H k+2 (Ω), and there exists some constant C > 0 such that
We introduce some function spaces here. 
For simplicity of presentation, we assume Ω is a rectangular domain. Let 0 < h be a parameter. We consider two triangulations: Q h is
• either a uniform triangulation by rectangles • or a regular triangulation of Ω into triangles: There exists a constant α > 0 independent of h such that if h Q is the size of the largest side and τ Q is the radius of the smallest circle inscribed in the triangle Q; then
We denote by P k the set of all polynomials of total degree less than or equal to k and P i,j the set of all polynomials whose degrees are less than or equal to i and j in each variable. Let V h ×U h be any known mixed finite element space (RT, BDM, Brezzi-DouglasFortin-Marini (BDFM), etc.) [26, 5, 3] 
for some space Ψ h (Q) depending on V h (Q). Also assume that we have some nonconforming finite element space N h to be determined later associated with this mixed finite element space. The local spaces V h (Q), N h (Q) of V h , N h are obviously defined by restricting to Q.
For an illustration, we review the lowest order finite volume method introduced in [10] for rectangular elements. Let V h be the vector part of the lowest order RT space locally spanned by functions of the form v h = (a+ bx, c+ dy) which satisfy the normal flux continuity condition on the interelement boundaries, i.e., e v h ·n 1 + e v h ·n 2 = 0. The corresponding pressure space N h is the Q 1 nonconforming finite element space locally spanned by element of the form a + bx + cy + d(x 2 − y 2 ) and having degrees of freedom at the midpoint of interelement boundaries. Let N Q denote the number of elements, N E i the number of interior edges, and N E b the number of boundary edges. We consider the following discrete problem.
This gives rise to a total of 4NQ(3NQ from (2.5a) and NQ from (2.5b)) equations in 2NE i + NE b unknowns. It is easy to see that this is a square matrix system on rectangular grids (cf. [10] ), since we have
Then it is shown that (2.5) is equivalent to the standard Q 1 nonconforming FEMs with modified right-hand side, and the flux can be recovered cheaply. Conventional mixed hybrid schemes using Lagrangian multipliers [1, 2, 24] lead to a similar result for k = 0.
Motivated by this, we now propose higher order schemes. Let V h be the vector part of any mixed finite element space whose degrees of freedom are given by (2.3) and (2.4). We need some hypotheses.
(H1) There is a nonconforming finite element space N h of order k associated with the same triangulation such that for χ ∈ N h the moments up to k inf
Remark 2.1. 1. By (2.6), the nonconforming space N h passes the patch test [23] and hence one can expect an optimal order error as long as (H2) holds. 2. Note that the restriction of a function χ ∈ N h to an edge e does not belong to P k (e) for most of nonconforming examples (see section 5). This makes the error analysis more difficult. See Lemma 4.2 and Theorem 4.3 for how this difficulty is circumvented. 3. Our scheme is easily extended to three dimensions. See section 6. Now we define a higher order mixed finite volume method.
One simple but important observation from (2.12 c) is that Now assume χ ∈ N h (the global nonconforming space). Since χ has continuous moments up to degree k across internal edges and has vanishing moments on ∂Ω, we obtain
we see (2.15) can be written as
Thus our new mixed finite volume scheme is equivalent to a standard nonconforming FEM, except that L 2 -projections are used on the lower order terms. Thus to implement (2.12), it suffices to solve the equivalent system (2.16) and use the local recovery technique to be described below to find u h . This is a huge gain over solving the complicated system (2.12). Also, the error analysis follows from that of the nonconforming FEM and the relation (2.12). Temporarily assume the nonconforming FEM (2.16) is well-posed.
Recovery of flux and velocity.
We show how to recover the velocity variable. First note that (2.12) is a square system. We see from (2.12) and (2.13) that for any χ ∈ N h (Q) (2.17)
Now the interior degrees of freedom of
are completely given in (2.12a), (2.12b) by (H4). Thus u h is determined by (2.17) and (2.18). Incidentally, we have shown the existence and uniqueness of the system (2.12).
In practice, the recovery of flux can be separated from the interior variables as follows.
Here, φ j 's are the local basis functions related to the edges and ψ j 's are the ones related to the interior. Then by (H4) we can choose This gives the interior degrees of freedom. By choosing χ ∈ N h (Q), the k + 1 basis functions associated with the edge e s , we see by orthogonality of ψ · n against any function in P k (e) along the edge,
by (2.13) and (2.14), where P k e is the L 2 -projection onto P k (e) and φ j s , j = 1, . . . , k+1, is the basis associated with the edge e s . Thus, to recover u h ·n on the edges, it suffices to solve this square system on each edge.
Error analysis of a new nonconforming formulation.
In this section we derive optimal error estimates for higher order nonconforming FEMs in (2.16). The analysis is similar to the standard one, but the bilinear form involved is different from the standard. Thus we present some details here. First, we need some notation. For
be the usual bilinear form arising from standard nonconforming FEM. If we define w a h := a h (w, w), then it is well-known that w a h is a norm on
If p is the solution of (2.1), we easily see that for χ ∈ N h
Meanwhile the solution of (2.16) satisfies
Let us discuss the well-posedness of this system. Note that the a * h is bounded, i.e., |a *
and the following Gårding inequality holds: Hence following the procedure in [28] , we can show the problem (3.4) has a unique solution provided h is sufficiently small. Now we turn to the error analysis. We need a variation of the second Strang lemma [7] .
Lemma 3.1. Let p ∈ H 1 0 (Ω) and w ∈ N h be arbitrary. Then we have
Then a h (p h − p, χ) = 0 for all χ ∈ N h and hence
Also, we have
Since
we obtain the result by noting the equivalence of norms · 1,h and · a h . In particular, this lemma holds when p is the solution of (2.1) and w = p h is the solution of (3.4).
We need the following estimate [16] . 
Similarly, we have
Dividing by v 1,h we see, by the equivalence of the norms · 1,h and · a h ,
Thus we have the following result. Theorem 3.3. Let p and p h be the solutions of (2.1) and (3.4) . Suppose N h (Q) ⊃ P k+1 (Q). Then there is an h 0 > 0 such that for all h with 0 < h < h 0 , we have
Proof. The estimate follows from Lemma 3.1, the approximation property of N h (Q), and (3.8) if we choose h 0 < 1/2C 1 . Now the L 2 -estimate can be obtained by duality argument as in [18] .
Error estimates for u h .
In order to derive the estimate for u − u h 0 , we need a lemma whose proof can be found in [2, 26] .
and μ ∈ L 2 (∂Q). Then the function σ ∈ V h (Q) determined by the degree of freedom of usual mixed finite element
e σ · nq ds = e μq ds, q ∈ P k (e) for all edges e of Q, (4.1a)
Similarly, the function χ ∈ N h (Q) determined by e χq dx = e μq ds, q ∈ P k (e) for all edges e of Q, (4.2a) 
This operator is clearly well-defined. Let P 
where s = k − 1 or k depending on the choice of the mixed finite element V h . Here, we interpret the divergence as a piecewise operator when applied to V h . The same remark applies to Theorem 4.3.
Proof. These are standard as long asΠ h preserves P 2 k (Q) and the following commuting diagram holds: Let (u h , p h ) be the solution of the system (2.12). Then there exists a constant C independent of h such that
where 
Now from (4.10), (4.5) , and the definition ofΠ h , the following holds:
Let χ ∈ N h be the solution of (4.2) with μ = (Π h u − u h ) · n| e on each edge e of Q, and φ = 0. Then χ ∈ N ∂ h (Q) and P k e (χ) = (Π h u − u h ) · n| e on e, and we have
Substituting this χ into (4.11a), we see by the approximation property of P U h , (3.9), (4.12), and inverse inequality,
Now we apply the first part of Lemma 4.1 to (4.11b) with σ
Summing over all elements we have
k . Now the triangle inequality u − u h 0 ≤ u −Π h u 0 + Π h u − u h 0 and Lemma 4.2 completes the proof. The estimate in divergence norm follows from (2.13).
Examples.
We first show a lemma regarding the cardinality. Lemma 5.1. The condition (2.11) is equivalent to
We start from the Euler formula. Let E i be the set of all interior edges and E b be the set of all boundary edges of the triangulation. Then 
Hence we see
where t = 3 for a triangular element and t = 4 for a rectangular grid. Hence by (5.2), this can be written as
which is exactly (5.1).
RT-like MFVM for rectangular element. For simplicity, we letQ =
. Let V h be the RT element of order k:
Here the interior degrees of freedom in (2.4) are determined by
Now consider a nonconforming finite element space introduced by Arbogast and Chen [1] :
where with i , the Legendre polynomial on [−1, 1],
The function in N h (Q) is completely determined by (2.6) and (2.8) with the choice of N i h (Q) = P k,k . Hence (H1) holds. Since N h (Q) ⊃ P k+1 (Q), (H2) holds and (H3) is trivial.
We choose
To check (H4), we first see that Z h (Q) ⊃ Ψ h (Q) and
So (5.1) is satisfied. This completes the verification of (H4). Downloaded 12/10/12 to 143.248.118.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
BDFM-like MFVM for rectangular element.
Let V h be the BDFM space [3] of order k + 1 given by
To define an MFVM based on BDFM spaces, we need a lemma. Lemma 5.2. We have
HereS is the space of polynomials of the form
Proof. LetP +1 be the homogenous polynomials of degree + 1. Then
where ∇P +1 is the space of polynomials of the form
Then it is easy to see that (5.12) dim ∇P +1 = + 2 and dimS = .
Since ∇P k+1 ∩S k = {0} by construction ofS k , we have ∇P k+1 ∩ S k = {0} and
Now counting the dimensions, we see that
and the proof is complete. Now we use the same nonconforming finite element space as before,
Finally, (5.1) holds by (5.14). Hence (H4) holds.
BDM-like MFVM for rectangular element.
The BDM [5] spaces of order k is
Let us choose the space given in [5] : 
A function v ∈ N h is uniquely determined by the conditions e vq ds, q ∈ P k (e),
where l k−1 is the Laguerre polynomial of degree k − 1. Take 
Hence (5.1) holds.
RT-like MFVM for triangular element.
In this subsection, we let Q denote a typical triangular element. LetP k be the homogenous polynomial of degree k. Then the RT space
is determined by e u h · nq ds, q ∈ P k (e) for all edges e of Q,
When k is even, we use the following nonconforming spaces [2] . Let N h (Q) = P k+1 with degrees of freedom: We do not find a general formula for k odd. However, for k = 1 we may use the Fortin-Soulie [20] element given by N h (Q) = P 2 ⊕ {β(Q)}, where β(Q) is the nonconforming bubble function of the form 2 − 3(λ 
where the degrees of freedom are e u h · nq ds, q ∈ P k (e) for all edges e of Q, 3 and observe the relation
where F denotes a face of Q, N F i is the number of interior faces, and N F b is the number of faces that meet with ∂Ω. Given a mixed finite element space V h , we would like to find a nonconforming finite element space N h and a supplementary test space V S h (Q) such that the hypotheses (H1) through (H4) hold (where "face" replaces "edge"). We see
Hence by (6.1) this can be written as
from which we again see (5.1) holds. Now choose Raviart-Thomas-Nedelec spaces [25] 
. Now consider a nonconforming finite element space introduced in [8, 1] :
where
So (5.1) is satisfied. Other hypotheses are easy to check. Extensions to other elements such as BDM and BDDF [4, 5] are also possible.
Numerical experiments.
We solved the problem when Ω = [0, 1] 2 using RT-like MFVM with rectangular element (section 5.1) for k = 1. The error was measured at four Gauss points. Table 6 .1 is the result when K = 1, c = 1 with the exact solution p = sin(2πx) sin(2πy).
In Table 6 .2, we tested with another exact solution, p = x 2 (1 − x)y(1 − y) 2 . In Table 6 .3, we tested a problem with discontinuous coefficients. Here the exact solution is Table 6 .4 Errors and orders of convergence with K = 1 + 10x + y. In Table 6 .4, we tested a variable coefficient, K = 1 + 10x + y with the exact solution p = x 2 (1 − x)y(1 − y) 2 . In every experiment, the result shows more than optimal order of convergence. Tables 6.1 and 6.3 show one higher order than the theory predicts. This phenomenon seems due to the choice of special exact solution sin(2πx) sin(2πy). For all other test problems, the result show one half order higher than the usual MFEM for velocity and pressure. This phenomenon may be some kind of superconvergence and will be left to future investigation.
